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In experiments with a homopolar device Fahleson has observed that

for low values of the discharge current the voltage drop across the
plasma is proportional to the magnetic field and independent of the
current and pressure. The rotational velocity corresponds to a kin~
etic energy for the ions equal to the ionization potential of the gas.
These experiments have been agalyzed using a steady-state continuum model
of the flow in which the bulk of the gas rotates at a uniform velocity
and the current is confimed to thin Hartmann boundary layers on the end-
walls. The voltage drop has been calculated as a function of current,
pressure, magnetic field, and atomic species, The dependence on these
parameters is in good agreement with the measurements under all condi-

tions, while the magnitude of the voltage is generally smaller than

the observed value by a factor of two. . Cibvfiaxr7.
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1. INTRODUCTION

Since the homOpolaf experiments of Fahleson and his co-workersl’z,
there has been considerable interest in the limiting voltage observed
in these rotating plasma experiments. In the homopolar device a test
gas 1s confined in the annular séace between two coaxial: electrodes in
an axial magnetic field. Tﬁe gas is simultaneously ionized and set
into rotation by the discharge of a capcitor bank across the electrode
gap and the interaction between the radial current and the axial mag=~ ,
netic field.

In Fahleson's expérimeﬁfs thg currenﬁ was limited by a series
resistor and the magnetic field was given a mifror configurationAto
protect the end-walls. During thg discharge the voltage was relatively
constant for about 60 y sec. and the current decayed by a factor of
two or three in the same period. For currents below a few kA , de-
pending on the pressure, it was observed that thé voltﬁge was insensitive |
to variations in current and gas pressure, and directly proportional
to the magnetic field strength. The rotational velocity, calculated
from the voltage, magnetic field strength, and electrode spacing, gives
a kinetic energy for the ions approximately equal to the ionization
potential of the gas.. Doppler shift measurements, obtained by reversing
the magnetic field, were consistent with these rotational velocities.

In addition the lack of variation of the velocity when the electrode
radii were changed indicates that the rotational velocity was constant
over most of the volume., This "ionization velocity" has been ob-

served in H He, NZ’ 02, and A in these experimeutsz, the velocity

20 Do»

being based in all cases on the atomic ion. The same limiting velocity
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has been observed in rectilinear plasma acceleratorsB’ , while higher
limiting velocities have been observed in other types of rotating plasma

. 5,6
experiments .

7 . ' .

Alfvén’ has interpreted Fahleson's results in terms of a strong
ionizing interaction which, it is proposed, takes place whenever a
neutral gas moves through a plasma in a magnetic field at the above

“"jonization velocity."

The first comprehensive analysis of these
observations, howeQer, was that of Lins. Lin's model is that of a
quasi-steady state frée-molecular flow in which the logarithmic rates df
change of the plasma ve}oéi;y and temperature are small compared to the
logarithmic vate of change of the plasma density, The instantaneous .
flow of energy into the plasma goes into ionization and acceleration of
the gas, radiation to the walls, and loss of particles to the walls,
lotation and heating of the neutral atoms is neglected and the plasma

is assﬁmed to be spatially'homogeneghs. Ionization is produced by
electron impact and the eleckrons, because of their very large Hall
parameter, are im turn heated by elastic collisions with the ions

rather than directly by the electric field. Lin's theory predicts a
rotational velocity that is in excess of the "ionization velociﬁy" by an
amount depending on the thermal energy of the plasma and the magnitude
~of the radiation loss. By varying the degree of ionization at fixed
current to find the minimum attainable voltage, a curve of voltage vs.
current is obtained which has a form that is in good agreement with the
experimental one. The level of the constant véltage varies from slightly

above the observed value to more than 50% in excess of this value as

the gas is varied from optically thick to optically thin to line



radiation. More recently Hassan9 hés obtained a portion of Lin's
results using the conservation equations for the different species and
neglecting losses,

Another explanation of Fahleson's results has been proposed by
Dobryshevskiilo and exte;ded by Lehneptll. Dobryshevskii considers the
heating of an electron moViﬁg through a stationary neutral gas at an
E/B drift velocity of the order of the "ionization velocity." He
shows that most of this heating would come from the transverse electric
field rather than Coulomb collisions with the ions provided that the ion
thermal energy is less than the drift eunergy and the degree of ionization
is not tco large. The.analyses in Refs, 10 and 11 use a éteady-state
continuum model in which the neutral gas is stationary and the direct
heating of the electrons by the electric field is balanéed by collis-
ional losses.. The elecéron temperature is detegmined through the balance
between volume ionization and ambipolar diffusion along the magnetic
field to the end-walls. The Qoltage obtained from these¢ analyses is
directly proportional to the magnetic field; however, it is alsc a
strong functioﬁ’of pressure, Over most of the pressure range covered in
the experiments the voltage obtained by Lehnert is weil above the ob-
served value, —

In Fig. 1 the net mean free path Xa for a neutral atom moving at
the "ionization velocity" through disscciated H, and N, is given as
a function of pressure po and degree of ionization o . The strong
decrease in A% with increasing o is due to the large CrOSS“SQCtion for

charge exchange with the ions. ‘In Fahleson's experiments the pressure

~ranged from 10 to 150 u Hg. and a typical dimension of the annular



test chamber was of the order of 10 cm. Thus fig. 1 shows that, except for
the lowest values of po and a, 2® was at least a factor of ten smaller than
the dimensions of the deQice. A few simple calculations suffice to show that
22 was larger than any_of the other relevant mean free paths., It is likely,.
therefore, that a continuum analysis would be more appropriate to the
experimental conditions_thén a free-molecular one., The question of whether or
not there was a large slip beﬁween thé atoms and the ions is a more difficult
one as it concerns the transition range of flow intermediate between
free-molecule and continuum flow, Nevertheless,.under the near continuum
conditions of the experiments it seems unlikely that there could have. been
substantial slip. betweeﬁ the'étomsAand the ions, From this point of view
there is an inconsistency in Dobryshevskii's model, It is doubtfui that
ambipolar diffusion of charged particlgs along the magnetic field is compatible
with a large slip between the charged par;icles and the néutral atoms per-
pendicular to the field.

During the constant voltdge portion of the dischargé time, the energy
fed into the gas in a typical run was substantially greater than that
required to completely ionize and accelerate the gas, This suggests that the-
flow was largely governed by a steady-state balance between the power input
and the various energy losses from the system, In section 6 it will be
shown that there was inéufficient time during the eXperihent for diffusion
processes to relax to a steady-state, but that this has only a weak effect
on the present results; |

The effects of viscous drag at the boundaries in rotating plasma
experiments has been discussed by Kunkel et, al.12 They find fhat if there
is contact between the plasma and the insulators, the current will tend to

concentrate in thin boundary layers clese to the insulators, however they do
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not investigaté the structure of these layers. In the present work these
ideas are combined with those of DobryshevskiilO concerning the diffusion
of charged particles along tﬁe magnetic field to the end-walls, The
resulting steady—stéte'continuum.theory is used to analyze the rotating

plasma experiments of Fahleson and his co-workers,
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2, PHYSICAL MODEL AND BASIC ASSUMPTIONS

In the present analysis the model is that of a steady-state
rotating Hartmann flow;sl The bulk of the gas including the neutral atoms
rotates at a uniform velocity and the.current is confined to tﬁin bound-
ary layers on the end-walls, The axial magnetic field B and the radial
electric field E are cohstant throughout the volume, As the electron
Hall parameter is much greater than one, the effective con&uctivity
of the ions is much greater than that of the electrons in the radial dir- -
ection and most of the radial current is carried by the ions. In the
absence of a large slip between tﬁe electrons and the atoms, most of the
electron heating should be due to Coulomb collisions with the ions, although
this is not assumed a priori. In order to accomplish this heating the
heavy barticle temperatufe rises soﬁewhat above.the electron temperature
in the core flow, The>electr6ns are'thermally insulated from the end-
wall by a sﬁeath; thus most of the energy received by the electrons goes
into ionizing collisions with the atoms,

As continuum equations are used to describe the flow, it is assumed
that all mean free paths are small compared to the thickness of the Hartmann
layer, The transport properties are taken to be constant and are evaluated
using appropriate average values for the electron density and the tem-
perature, Since the thermal conductivity of the electrons is much greater
than that of the heavier particles, the electron temperature ¢ 1s taken.
as constant. The effects of centrifugal and coriolis forces are neglected

as are all variations in directions perpendicular to the magnetic field.



Conditions under which this is permissible are developed in Ref, 14,

The sheaths on the électrode surfaces are also ignored and quasi.charge
neutrality is assumed to hold throughout the volume. In the case of
diatomic gases, such as Hé and NZ’ it is assumed that they are completely
dissociated under the operating conditions of the experiments, Since a
proper treatment of liné radiation is quite diffiéult, all effects of rad-
iation are neglect;d. The net ionization rate is taken as the difference
between electron-atom jonization and three-body recombination. The
effect - of collisional transitions between excited states is included in

the rate coefficients,
3. SIMPLIFIED ANALYSIS

According to ﬁhe physicai'model of the flow, the rate at which
encrgy is lost from the system is dependent on the structure of the
boundary layers on the end-walls. Profiles of velocity, gas temperature,
and electron number denéity corresponding to the model are sketched in
Fig. 2. The core velocity v, is set equal to E/B as there is no cur=-
rent in the core, In this section elementary arguments based on these
profiles ére used to devélop a simplified explanation of the experimental
observations,

.In the Hartmann boundary layer the wall shear stress is balanced by
the integrated magnetic force,

uvc/ 6m = O-L_hB (Sm,

-1

‘ 2
or 6 T = BC o /u L

3.1)
where p is the viscosity and o the effective electrical conductivity

-~



in a direction perpendicular to ;he magnetic field,

The thermal boundary layer thickness 6t is determinedvby tﬂe behaviourr
of the viscous and oﬁmic heating of the gas, The velocity gradient
and the current decay from a maximum at the wall in the Hartmann thickness
66. Since the viscous and ohmic heating are proportional to the square
of these two quantitigs'regpectively, the heating.effects decay in half
the Hartmann thickness,dt;xl/ZGm. fhe total energy input to the flow
is equal to the integrated viscous and ohmic heating, This is in turn
balanced by the heat conducted to the wall and the ionization energy
carried to the wall by the diffusing electron-ion pairs,

12 2.. . ha e
[ u(v /6 )" +0, 5716 = x T°/8 + e, D n /6 ,

or 172 /B2~ Pt + (e,D 0 %/w) 8,75, (3.2)

where Kh is thé thermal conductivity éf the heavy pérticles,sI the
ionization potential, and Da the ambipolar diffusion coefficient,

As indicated by the temperature profile (Fig. 2b), a small amount
of heat is conducted towérd the core. This is balanced by the integrated

energy transfer to the electrons,

LYCC 19)/6, » 3(%/m®) Vol k(1? - 195,

or 8 elrs [3(-me/ma)ve nz k/Kh]l/z’ (3.3)

" where v° is the total collision frequency for electrons with ions and
atomé, n®/m® is the electron-atom mass ratio, and k is Boltzmann's con-
stant, The electron heating is balanced by volume ionization and the
subsequent diffusion of electron~ion pairs to the wall,
h,..a e, e
k(1T -1 § =~ €e,D )
( )/ e i ,anc/ a’

a_ .e e, h )
or ™= T + (eiDanC/K )Ge/Ga, (3.4)



Combining Eqs. (3.2) and (3,4) gives
1/2GE/B) 2 2 (/1% + (e50 n®/u) (5, + 8,)/8 (3.5)
_ . i“ac e t’" "a’ :

This equation will be used to show the dependence of E/B on the degree
of ionization a » and hence on the current through the electrical
conductivity g, .

In the diffusion boundary layer (Fig. 2c¢) the ambipolar diffusion of -
electron-ion pairs to the wall is balanced by the integrated volume : ‘

ionization, '

e e
Pa chéa = Vg B8y
ér ' sl o (v./D )1/2 (3.6)
a ~ “i'a ’ *

where vy is the ionization frequency per electron in the diffusion boundary
layer. Volume recombination is assumed to be negligible near the wall
where the electronvdensity isAsmall.

For low values of a, the diffusion thickness 63 is limited by the
end-wall half-spacing d, -and volume rccombiﬁation is negligible every-
where, The quantity vi/Da is a function of the electron temperature
1% and the initial pressure po, but nét of a + Thus, the relation 6a:: d
determines T®independent of «. In Eq. (3.5) Kh/u is independent ‘of
a and the second term oﬂ the right is small for low a. Therfore, E/B
is independent of a. Thefcurrent;.however, is an increasing function
of a through o,. Hence, at low o, E/B is independent of current in
agreement with the experimental observatious.

At higher values of o, ionization and recombination are in equili-~
brium in the core. This determines T%as an increasing function of a

. . . e
through the Saha equation, Since vy increases exponentially with T,
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"6, becomes very small as a.increases, Thus in Eq. (3.5) the second
term rapidly overtakes the first, and E/B exhibits a strong increase with

current, again in agreement with the observations.
4, GENERAL FORMULATION

Since the centrifugal and coriolis forces are neglected, the
annular space can be replaced by an infinite straight channel with a
rectangular cross-section, Cartesian co-ordinates are intrcduced with the
main flow in éhe X ditectioq, the electric field E in the y direction
and the magnetié field B in the z direction, Finally, it is assumed
that all variations are in the z direction,
The governing equations, in the form.used here are taken from
Ref. 15, They haQe been modified in Ref. 14 to include the effects of .
a magnetic field and volume ionization, With neither pressure gradient

nor flow in the z direction, these equations are:

Momentum cTE(/u :IIZX) -+ ,]_y B =o0 , (4.1)

4 ! (4.2)
Energy  (dQ/clz) = /-l(o/)f/a'z)z +E* T -~ &; 3) o G
Electron Continuity (o/ /_;e/o/z) = § , (4.4)

Electron Energy (olQe/a/z) T~ @ E*'/_'e - &; S ‘-
+3(me/ma) venek(-ra_ T-e). (4.5)

liere Q is the total heat flux, Q = Qh+ Qe’ Qh~ )'C"(dTQ/a/z)
K ' =7 )
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Q%= ~ X8(dTYdz)+ aﬁh T°r}, and - l‘;e the electron current density
along the magneﬁic field, The pressure gradient Py balances the cross flow

due to the Hall effect so that there is no net mass flow in the y direction:
o
/d OV, dz = 0. (4.6) "

. 3
The effective electric field Ef and the current J perpendicular to

the magnetic field are giQen by

E*=E£ +yvxB, (4.7)
J = ‘T:E*”" O‘aé"ﬁ*, * (4.8)
e["%= ~ (o, - R'GIE* (0 + 7)) B x £° | (4.9)
where . G(’*ﬁ{ﬁo' af

'-(/—1-]29_(2;)3 +(Qe)a ? 0z = (,+ﬂeﬂ;)a+ (ﬂe)a .)

2% and Qi are the electron and ion Hall parameters, and g is the electron
conductivity in the absence of a magnetic field., This form of Ohm's
law includes both the Hall effect and ion slip., Along the magnetic field

the diffusion current and ambipolar field are given by

e ; ' [
7= T 2 = 0,0 [d tn(p®+p)/d=], (4.10)

@Ez = ~RTS(d-np/dz) . (4.11)

The ionization source term S is taken as the difference between an
.. . e._ e a . e 3 :
ionization rate vin :kin n- and a recombination rate kr (n")”. The three-body
. \ . . 6
recombination coefficient of Makin and Keck 1 is used for kr. The

ionization coefficient k, is related to kr through the principle of detailed

i

balancing. Thus, ki=ere where Ke is the 8aha equilibrium constant

evaluated at the electron temperature, and the source term S is written as

S = k,n¢[Ken®- (n®)?] | (6.12)
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The boundary conditions on Egqs. (4.1) to (4.5) are taken as
Z:id)' Ve V), =0, TQ:Tw'xo,
(d1é/dz)=0, n®xo. T (4.13)

In the diffusion controlled sheath it is assumed that most of the energy
conducted into the sheahh by electrons goes into ionizing collisions and
acceleration of the ions éoward the Gall. Therefore, the electron temp-
erature gradient approaches zero at the wall. The last condition is the
commeon diffusion approkimation, valid for small mean free paths, that the
electron density approaches zero at an absorbing wall,

At constant volume the pressure p is related to the initial pressure’

(o} : .
P by o 4 . a 4
an®d =/, (nﬂ_‘_n@)a/z:-/a’ dz (p- p°) kT

where n° = pO/kTo. (4.14)

In addition it is convenient to introduce ‘the current per unit length

hannel I ’
e 1+ /05 s
(4.15)
The formulation of the problem is completed by the introduction of
dimensionless variables with d, QO, €v n® as basic parameters:
f:z/d, A= n/n°, T = kT/s, p= p/n°E;,

- X, 0 V3
/O“/O/m” y ¥

K/LJ;) j: J/eh"U,-, Q= Q/n&U;
) .

E:Eed/é‘;)AB:: ed U; /&;

»

. " : T a,1/2 . .
Ui is the "ionization velocity'’, (Zsi/m ) + The transport properties are
made dimensionless by means of the same basic parameters. The only change

in Eqs. (4.1) to (4.15) is that the dimensional constants are absorbed.’

Hence, these equations need not be reproduced, and without loss of clarity
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"the bars will be dropped and all variables will be understood to be

dimensionless,

5, CONSTANT TRANSPORT PROPERTY SOLUTION

The problem as‘formulated in the preceding section is still quite
formidable, If the transport properties are taken as constant, however,
it is possible to reduce the problem to quadratures, The resulting
algebraic equations can be readily solved numerically., The superscript e

on the electron densiéy is dropped, n®zn,

A, Diffusion Equation

a_ .e N t .
Assume T 20T  =constant, Then the total density n~ is a constant and

Eq. (4.14), with n an even function of z, gives

4
n®=n®*-2n , n*=1 + [ ndz, (5.1)

Combining Eqs. (4.4), (4.10), (4.12), (5.1) and introducing the appropriate
boundary conditions from (4.13) gives the diffusion equation for n
"

n“+ An(nt-2an-.en’=o,

n'co) = n(1) = o, (5.2)

with B = kr/Da and Af:SFé' The parameters ). and B are functions of T%.
Insfead of Te, the central degree of ionization nosn(o) is specified;
The solution of (5.2) then determines T® as a function of n e

The two limiting types of dependence on n_ can be obtained direétly
from (5.2). As no+ O; the equation reduces to the homogeneocus form

n" + An = 0 and A = n2/4. In this limit T® is independent of n e At
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larger values of n, a different type of dependence is obtained., A )

necessary condition for the existence of a solution to Eq. (5.2) is

Ke (nt-Zno) -n02> 0, The inequality together with the definition of

The solution to Eq. (5.2) is

z=/~/O

3 : —//2
Tt {Afn*(n,t -1 Y- Fn)-) - 4e(n"- )

The condition n(0) = n° in (5.3), together with the definition of nt,

. e
determines T

|
N . e . . N
Ke determines a lpwer bound for T that increases without limit as ndel.
|
|
|
|
|
|

as a function of no. .

B. Momentum Equations

Equations (4.1) and (4.2) with (4.7) and (4.8) give

7] 2 |
A Ve - éSl(cn Ve =~ O3 V&) + ¢;£E8

I 2
LV, - B GV r V) - 0 £ B

0

)

4

The solution of these equétions with'vx and vy even functions of z is

Vx

1

I
m

The boundary

be constant,

v,[C, cosh(Mz)cos(Nz) + Cp sinh(Mz)sin(Nz)+ |- Cs]

vo[C, sinh(Mz)sin(Nz)~ Cycosh(Mz)cos(Vz) - C,]

= B(a+h

)

~1 .
= g (2H) )\/b=E/B’ and G;C3=0‘3C4.
conditions vx(l) = vy(l) = 0, Eq. (4.6) with p taken to

o .C, determine the four C's,

and the condition o ,C
274

173~

For cosh M>>1 the solution (5.5) has a boundary layer behaviour.

The thickness of the layer is of order Mul; hence M can be considered

P, = O. * (5.4)

(5.3)

i
(5.5)

A 1/2 ~1
)2 Nz B(a-0)'? as (@t Gf) ()
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an effective Hartmann number. As the transport effects are only important
within the boundéry layer, the transport properties will be evaluated

using the average value of the electron density across the boundary layer,

C. Heavy Particle Energy Equation

Subtracting Eq. (4.5) from (4.3) gives the heavy particle energy

equation

e 3( MY mI) V(T TC) =0.
| (5.6)
a_Te

Introduce 6= T Eq., (5.6) and the associated boundary conditions (4.13),

for 8 even in z, are written
) a h
6"~ L e =~ (EY/X)h(2),

6ro)s 0, 6¢/) = ~TF,

(5.7)
with 2 a e h
L5 3 (mY/m)(Vn/K),
heys ETC [ EX(T + %)
- | (5.8)

h{z) is independent of E.

In general L26 is comparable to (EZ/Kh)h only outside the boundary
layer where h(z) is relatively small, Inside the boundary layer Lze«(Eleh)h
and fhe dependence of L2 on z is unimportant, Hence L is taken to be

constant and equal to its average value La outside the boundary layer,
The solution to Eq, (5.7) can now be written as

0= - T Fcz) + (EY X" H(z), (5.9
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with ~F(é)

= cosh(Lfd/%oshLa,
- {
H = Ly L gz, 0 hexdx,
f(x)ysinh[L,(l-z £ ; .
s | F AL, s

fxysinh[La(1-%)], for x>z,

D. Eleétron Energy Equation

Since the electron temperature 1s determined by the solution of
the diffusion equation, the electron energy equation can be used to obtain
an expression for the electric field E, Integration of Eq. (4.5) with

(4.4) from O to 1 and application of the boundary conditions (4.13) gives

(/+ é’?Te)/;Q(/) :~/o IE-*.Ceo/z + )»(’1/<> ’Las_c/z,
_ ) (5.10)
From Eqé. (4.7), (4.9) to (4,11)

4

[ ‘- .
» - (<4 .
L ETD e 2 ESf F(a)dz - T D, ”o[G(‘)O/Z; (5.11)

. - i * * 2 7 -1 .
with F(z) = E2(0. -0 0.) [E. 9%+ (2] and 6(z) = @)% @)L,

) : 1 2 X y 0
F and G are independent of E, The second integral in Eq. (5.11) diverges
at its upper limit as n(l) = 0, The integration is cut off at a point

A e . ;
z, near 1, where FZ has reached its final value and the electron drift

velocity equals its random velocity. In dimensionless form
1/2 /2
& e
e /n(zs) = (me/m€) " (T) ", (5.12)

Finally, Eq. (5.10) with (5.9) and (5.11) gives

Ea/o I[LaH(z) + F(a)]dz = )("Teé [_275(2) dz

Z
(1 ETYL) + TN, [ Gz

o

(5.13)
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vThe diffusion currgnt to the wall rze(l) is of.course known from the_
solution to Eq. (5.2).

Once E has been determined from Eq. (5.13), the current per unit’
length of channel I can be evaluated from Eqs. (4.,15), (4.8), (4.7),

and (505)'
6. DISCUSSION OF NUMERICAL RESULTS

The numefical calculations proceed in a straightforward manner from
the equations of the ﬁrévious section, For fixed values of initial
pressure po, half-spacing d, and magnetic field B, one chooses a value
for the central degree of ionization n, and solves iteratively for the
electron temperature =, Next the transport propertiés are evaluated
using average values for the electron density n and the gas temperature-

1. The simple approximations
. / ) . .
(n}:M/a[a/Mnc/z and {T)= 5T
were used in this evaluation, Finally, the electric field E
and the current per unit length I are obtained from Eqs. (5.13) and (4.15),
By varyiﬁg no an.entire Qoltage Vs. current curve can be calculated,

Such a curve of about twenty points, together with profiles of n, Vs ﬁy,

and .T® for each value of nos requirédabout half a minute of computation time

on an IBM 7090 computer,

In Fig. 3 the dimensionless velocity;EVE'is plotted vs, dimensionless

current per unit length T for three different gases and for conditions

corresponding to the experiments, In each curve there is a relatively
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"constant velocity section at low current followed by a rapidly increasing
portion at higher currents. Since E/B is in units of the "ionization

velocity", (Ze:i/ma)]'/2

, the minimum values in these curves are generally
smaller than this velocity by a factor of about two, As there is
considerable variation in physical properties between Hz, NZ and Xe the
close resemblance of tﬁe three curves is quite remarkable, It should be
noted that diatomic gases are assumed to be completely dissociated so that
an initial pressure éf 30uyHg. for Hz or N2 corresponds to a pressure of
60uHg, for the monatomic gas., All of the main features of these curves are
predicted by éhe simplifiedrtheory of section 3,

The theory is compared with the experimental resultsl’2 in Figs. 4-
to 6, 1In these experiments the magnetic field decreased from a value
B at the inner e;ec;rode, radius 3.5 cm., to 1/2 By at the outer electréde,
radius 19.5 cm. In the corresponding calculations, average values of 3/4
Bo and 11,5 cﬁ. were used for the magnetic field B and the average radius
respectively, The latter quantity is needéd to obtain the total current
from the current per unit length of channel I,

Apart from the factor of two discrepancy in the minimum voltage, the
agréement ﬁetween theory and experiment in Fig., 4 is fairly good: The
level portion of the cufve is consistent with the data, and although
the steep portion of the curve rises too rapidly the transition between
the -two segments occurs at about the right current, In Fig, 5 the weak
logarithmic dependence of the minimum voltage on the initial pressure po
agrees rather well with the experiment. In particular the slope of this
curve is in better agreement with the data than that reported in Ref, 11,
The linear dependence 6f the minimum voltage on éhe magnetic field Bo

(Fig. 6) is not remarkable and has been found in previous analyses .
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At low currents the diffusion processes will relax to a steady state
in a time dz/Da. In Fahleson's experiments this time was a factor of ten
greater than the experimental time of 50 to 100 u sec. This relaxation
time can be considered as the time it takes for the diffusion layers at the
end-walls to grow until they meet at the center of the plasma, Fof shorter
times the plasma should behave much like a thinﬁer slab of plasma in a
steady state, In Fig. 7 the minimum voltage is plotted vs, the end-wall
half-spacing d, It is seen that a decrease in d by a factor of-ten, which
wouid make the steady-state theory formally applicable, produces little
vchange in the results., Thus in this respect the present theory should be.
valid for the experimental éondi;ions.

The numerical results reported here are not strictly applicablé to
the actual experimental geometryl’z. In Ref., 14 it is shown that the
centrifugal and coriolis forces are negligible if the magnetic interaction
length pvc/oipz is small compared to the radius r, These lengths, however,
are of the same order of magnitude for most of the experimental range.

The correction to the Qoltage drop due to the presence of eclectrode boundary
layers is also developed in Ref., 14 for large values of the Hartmann
number M. Since M is generally'hbout 10 at the voitage minimum, this

-1/2 where £ is the electrode half-spacing,

correction, which varies as dl-Hﬂ
is not negligible, being about a 30% correction.

The collision cross-sections used in these calculations, together

with their sources, are given in Ref. 14,
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7. CONCLUSIONS

The present theory can be considered successful to the extent that
it predicts the general form of the experimental observations over a
wide range of conditions,- The shape of the voltage vs, current‘cufve
and the weak logarithmic.dépendence of the minimum voltége on the initial
pressure are reproduced particularly well., In additibn the lack of
variation in the results has been demonstrated for three widely dissimilar
gasés. The basic ingredients of the theory are the energy balance in
a Hartmann boundary iayer and the relation between the electron tempera=-
ture and the degree of ioniiation in a gas discharge. fhese two elements
are connected by the energy exchange between heavy particles and eléctrons
due to elastic collisions.

The most importanLAfailure of the theory is thg factor of two dis~
crepancy in the voltage, A number of factors might account for a
portion of this difference, The magnetic field in Fahleson's experiments
was nonuniform. It decreased by a factor of two from the inner to the
outer radius and it had a 1,2 to 1 mirror ratio along the axis, This
nonuniformity was not considered in the theory, The centrifugal and
coriolis forces, which were not accounted for in the theory, turned out to
be non-negligible. Finallyv, there are the effects of radiation. Lin
included the loss of energy by radiation in his analysis. ﬁe found that
varying the fraction of the line radiation thaf was allowed to escape did
not change the shape of the voltage vs, current curve, but that the voltage
was more than 50% higher in the optically thin case than in the optically
thick case., In addition the vradiation can chaunge the population of the excited

states in the neutral atom which will in turn change the ionization and



recombination coefficients. In any case if consideration of one or more of
these mechanisms were to bring the present theory into better agreement
with the experimental observations, then the "ionization velocity" would
have to be regarded as a coincidence Father than a manifestation of some

basic physical process,
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CAPTIONS FOR FIGURES

Fig, 1 Initial pressure times mean free path vs. degree of ionization
for atoms in dissociated H2 and NZ’ a-i and a-a relative velocitles equal

"{onization velocity".

Fig. 2 Profiles corresponding to physical model: (a) velocity,

(b) gas temperature, (c) ‘electron number density,

N,, and Xe for

Fig. 3 Dimensionless velocity vs, current in HZ’ 2

B = 4500 G,y d = 9 cm,

Fig., 4 Voltage vs. current in Hz and N, for po = 30 u Heg.,

2
B = 6000 G,, d = 9 cm, Theory =—; experiment ¥, o,

Fig. 5 Mininum voltage vs. initial pressure in Hz for B0 = 5000 G.,

d = 9 cm., Theory —~, experiment o.

Fig. 6 Minimum voltage vs. magnetic field in Hz for d = 9 cm.

Theory -+, po = 50 uHg.; experiment Xx, po = 10 - 150 wuHg.

Fig., 7 Minimum voltage vs. end-wall half-spacing in H2 for

p° = 50 uBg., B_ = 5000 G. Theory -
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